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Abstract
In this paper we obtain a zero density theroem for Hecke L-functions associated to cubic characters by
Heath-Brown’s large sieve type inequality. Using Patterson’s result on cubic Gauss sums we also have the
moments estimate for corresponding L-functions. Distribution of class numbers of a family of degree 6
fields over Q is obtained as an application of the main results.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
Let k = Q(ω), where ω = −1+
√−3
2 . LetOk be the integer ring of k. It is known that k has class
number 1, and every ideal in Ok coprime to 3 has a unique generator congruent to 1 mod (3).
For 1 = c ∈ Ok which is square-free and congruent to 1 mod (9), let χc = ( ·c ) be the cubic
residue symbol. So χc is trivial on units ofOk by the law of cubic reciprocity [IR, Theorem 1(b),
p. 114]. χc can be viewed as a primitive character on the ray class group h(c) = Ic/Pc , where
Ic = {A ∈ I, (A, (c)) = 1}, Pc = {(a) ∈ P, a ≡ 1 mod (c)}. I and P are the group of fractional
ideals and the subgroup of principal ideals of Ok respectively. The Hecke L-function associated
with χc is defined by
L(s,χc) =
∑
A=0
χc(A)N(A)
−s
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admits analytic continuation to the whole s-plane as an entire function and has the functional
equation:
Λ(s,χc) = W(χc)
(
N(c)
)−1/2
Λ(1 − s, χ¯c),
where W(χc) is the Gauss sum of χc:
W(χc) =
∑
a∈Ok/(c)
χc(a)e
(
Tr(a/δc)
);
(δ) is the different of k, and
Λ(s,χc) =
(|Dk|N(c)s/2(2π)−s)Γ (s)L(s,χc),
where Dk (= −3) is the discriminant of k.
For T  2, define
N(σ,T ,χc) = #
{
ρ
∣∣ L(ρ,χc) = 0 in the strip 1 > (s) σ and T  (s) 0}.
Heath-Brown already obtained the zero-density estimate by the large sieve inequality on real
characters which is also established by himself [He2]:
If S(Q) denotes the set of all real primitive characters of conductor at most Q, and N(σ,T ,χ)
is defined in the same way as above except that χ is a quadratic character, then∑
χ∈S(Q)
N(σ,T ,χ) 
 (QT )
Q3(1−σ)/(2−σ)T (3−2σ)/(2−σ)
for any 
 > 0.
In this paper we establish the analogue of this result for cubic characters:
Theorem 1. Let 1 > σ  12 , T  2.χc = ( ·c ) is the cubic residue symbol associated to c, where
c ∈Ok , c ≡ 1 mod (9), and c is square-free. Then we have∑
c∈Ok, c≡1 mod (9),N(c)Q
N(σ,T ,χc)  Q10(1−σ)T (QT )
.
One application of this zero density theorem is to study the moments distribution of special
values at the edge of the critical strip of corresponding L-functions. For quadratic characters,
Jutila showed [Ju]:∑∗
d∈[e,eX]
Lr
(
1, χ(d)
)= b(r)X +O(X1/2(logX)c2(r)), r  1, X  3,
where e = 1 or −1, and b(r), c2(r) are constants depending on r only, and χ(d) is the quadratic
symbol with conductor d .
Let
∑∗ be the sum over c ≡ 1 mod (9), c is square-free in Ok . (In this paper we will always
use this notation to denote the restriction on c unless specified.)
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derive:
Theorem 2. For m 1, T → ∞ we have
∑
c
∗
Lmc (1) exp
(−N(c)
T
)
∼ CmT,
where Cm is a positive constant depending on m only and will be given explicitly in Section 3.
Applying this moments result to a family of fields which are cubic extensions of k, we can
get a result related to the Brauer–Siegel theorem [SL]. It is an analog of the result of Siegel.
One conclusion of Brauer–Siegel theorem shows that if F ranges over all number fields of fixed
degree N over Q, then there is an asymptotic relation
log(hR) ∼ logd1/2
for d → ∞, where h, R, d are the class number, regulator and discriminant of F respectively.
Siegel was the first to prove the Gauss conjecture for real quadratic fields. He obtained the
result
∑
0<D<x
h(D) log εD = π
2
18ζ(3)
x3/2 +O(x logx),
where h(D) is the narrow class number of the order of discriminant D contained in the quadratic
field Q(
√
D ), εD is some fundamental unit of Q(
√
D ), or in another word, the unit defined by
εD = (t +u
√
D )/2, where t , u are the smallest positive integral solutions of t2 −Du2 = 4. Note
log εD is essentially the regulator of Q(
√
D ).
Theorem 2 above implies results on moments of the product of class number and regulator for
a family of degree 6 non-abelian extensions over Q.
Proposition 3. Let hc , Rc be the class number and regulator of k(c1/3) respectively, m 1, then
∑∗
N(c)T
(hcRc)
m ∼
(
3
2π
)2m
CmT
m+1.
Remark. After I got the main theorems in this paper, I learned that Chinta, Friedberg and Hoff-
stein also obtained similar results in this respect [CFH]. Their main result can be stated as follows.
For n 2, let F be a global field containing a full set of nth roots of unity, S is a finite set of places
containing all archimedean places, all places dividing n, and such that the class number of the
ring of S-integers is 1. A is a class on the ray class group HC . Fix s ∈ C with (s) > 1−1/(r+1)
and let π be an isobaric automorphic representation of GLr (AF ), which is unramified outside S.
Then if m> 0 is a sufficiently large integer (depending on F , n, r), for any 
 > 0 they showed:
∑
LS(s,π ⊗ χd)
(
1 − |d|/X)m = cS(s)X
k + 1 +O

(
X1/2+

)
d∈A,μ(d) =0,1<|d|<X
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some constant. This result gives the moments of twisted L-values at 1 under the condition that S
is sufficiently large to ensure cS(s) is nonzero. Thus their result does not imply Theorem 2 here.
The main ingredient to prove Theorem 1 in Section 2 is the large sieve inequality for cubic
characters by Heath-Brown in [He1]. In Section 3 we use the density theorem to study the mo-
ments of Lc(1), similar to the work of Luo [Lu1,Lu2]. To get Proposition 3 in the last section,
which is an application of Theorem 2, we use the fact that hcRc is essentially Lc(1) by class
fields theory and the analytic class number formula.
2. Zero-density theorem for L(s,χc)
The goal of this section is to prove Theorem 1.
Let
Mx(s,χc) =
∑
N(A)x
μ(A)χc(A)N(A)
−s .
Then
L(s,χc)Mx(s,χc) = 1 +
∑
N(A)>x
aAχc(A)N(A)
−s ,
where aA =∑B|A,N(B)x μ(B) and μ(·) is the generalized Möbius function. By Mellin trans-
form we have
e−1/y +
∑
N(A)>x
aAχc(A)N(A)
−se−N(A)/y
= 1
2πi
∫
(l)
L(s +w,χc)Mx(s +w,χc)Γ (w)yw dw. (1)
Define the integral in (1) to be I (s, l), where (l) is the vertical line with real part equals l and
s = σ + it , l + σ > 1.
Moving the line of the integral to Re(w) = 1/2 − σ , 1/2 < σ < 1, we pass through the pole
of the integrand at w = 0 and obtain by Cauchy’s theorem that:
I (s, l) = L(s,χc)Mx(s,χc)+ I (s,1/2 − σ). (2)
If s = ρ = β + iγ is a zero of L(s,χc), with 1/2  β < 1 and γ  0, from (1) and (2) we
conclude that:
e−1/y = −
∑
N(A)>x
aAχc(A)N(A)
−ρe−N(A)/y + I (ρ,1/2 − β) (3)
or
e−1/y = 1
2πi
∫
(l)
(
1 −L(ρ +w,χc)Mx(ρ +w,χc)
)
Γ (w)yw dw + I (ρ,1/2 − β). (4)
Let 10 < y < (QT )c1 and 10 < x <Qc2 , z = log3 T , where c1 and c2 are constants.
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∫
|ν|z
L(1/2 + iγ + iν,χc)Mx(1/2 + iγ + iν,χc)Γ (1/2 − β + iν)y1/2−β+iν dν  T −1, (5)
thus from the definition of I (s,1/2 − ρ),
I (ρ,1/2 − β)
= 1
2πi
∫
|ν|z
L(1/2 + iγ + iν,χc)MxΓ (1/2 − β + iν)y1/2−β+iν dν +O
(
T −1
)
. (6)
On the other hand, moving the line of integration in (4) to Re(w) = l0 = 1 −β + 
 and letting
μ0 = 1 + 
 + iγ + iν, where 
 is positive and small enough, we deduce that∫
|ν|z
(
1 −L(μ0, χc)Mx(μ0, χc)
)
Γ (l0 + iν)yl0+iν dν  T −1.
Thus if T is large enough, from (4) and (6) we have
(logT )y1−β
∫
|ν|z
∣∣1 −L(μ0, χc)Mx(μ0, χc)∣∣dν
+ y1/2−β
∫
|ν|z
∣∣L(1/2 + iγ + iν,χc)Mx(1/2 + iγ + iν,χc)∣∣dν  1.
So by Cauchy’s inequality we can infer
log5 Ty2−2β
∫
|ν|z
∣∣1 −L(μ0, χc)Mx(μ0, χc)∣∣2 dν
+ y1/2−β
∫
|ν|z
∣∣L(1/2 + iγ + iν,χc)Mx(1/2 + iγ + iν,χc)∣∣dν  1. (7)
Now let
N = #{c ∣∣N(c)Q, c ≡ 1 mod (9), c ∈Ok
for which L(s,χc) has a zero in the square
σ  Re(s) σ + (logQT )−1, τ  Im(s) τ + (logQT )−1}.
For |τ | T , notice that β > σ , it follows that
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)
y2−2σ
∫
|ν|z
∑∗
N(c)Q
∣∣1 −L(μ0, χc)Mx(μ0, χc)∣∣2 du
+ y1/2−σ
∫
|ν|z
∑∗
N(c)Q
∣∣∣∣L
(
1
2
+ iu,χc
)
Mx
(
1
2
+ iu,χc
)∣∣∣∣du  N, (8)
where
∑
c
∗ is the notation mentioned in the introduction part.
For the second integral in (8), by Cauchy’s inequality we have:
y1/2−σ
∫
|ν|z
∑∗
N(c)Q
∣∣∣∣L
(
1
2
+ iu,χc
)
Mx
(
1
2
+ iu,χc
)∣∣∣∣du
 y1/2−σ
∫
|ν|z
( ∑∗
N(c)Q
∣∣∣∣L
(
1
2
+ iu,χc
)∣∣∣∣
2)1/2( ∑∗
N(c)Q
∣∣∣∣Mx
(
1
2
+ iu,χc
)∣∣∣∣
2)1/2
du
 y1/2−σ
( ∫
|ν|z
∑∗
N(c)Q
∣∣∣∣L
(
1
2
+ iu,χc
)∣∣∣∣
2
du
)1/2( ∫
|ν|z
( ∑∗
N(c)Q
|Mx |2 dν
)1/2)
. (9)
By the estimation from [Lu1]:
∑
c≡1 mod (9)
∣∣∣∣L
(
1
2
, χc
)∣∣∣∣
2
exp
(−N(c)
y
)
 y1+
,
it follows that:
∑∗
N(c)Q
∣∣∣∣L
(
1
2
, χc
)∣∣∣∣
2
 Q1+
 .
(Though Luo’s result is for L(1/2, χc), his proof can be applied to L(1/2 + it, χc) for any t .) So
the second integral in (8) is
 y1/2−σQ 1+
2 (logT )3/2
( ∫
|ν|z
∑∗
N(c)Q
∣∣∣∣M2x
(
1
2
+ iu,χc
)∣∣∣∣du
)1/2
 y1/2−σQ 1+
2 (logT )3/2
( ∫
|ν|z
∑∗
N(c)Q
∣∣∣∣ ∑
1<N(A)x
μ(A)χc(A)N(A)
−1/2−iu
∣∣∣∣
2
du
)1/2
.
Now we appeal the large sieve inequality established by Heath-Brown [He1] for the cubic char-
acters:
∑′ ∣∣∣∣ ∑′ cn
(
n
m
)∣∣∣∣
2


(
M +N + (MN)2/3)(NM)
 ∑′ |cn|2 (10)N(m)M N(n)N N(n)N
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∑′ denotes summation over square-free elements of Ok which are congru-
ent to 1 mod (3).
We conclude that the second integral in (8):
 y1/2−σQ 1+
2 (logT )3/2(Q+ x + (Qx)2/3). (11)
For the first integral in (8) by Cauchy’s inequality again we have:
 log5 Ty2−2σ
∫
|ν|z
∑
N(c)Q
∣∣∣∣ ∑
N(A)>x
aAχc(A)N(A)
−μ0
∣∣∣∣
2
du
 log8 Ty2−2σ z max
xBelog3 T
∑∗
N(c)Q
∣∣∣∣ ∑
B<N(A)2B
aAχc(A)N(A)
−μ0
∣∣∣∣
2
.
By the fact that aA  |N(A)|
 for any 
 > 0 and (10), we deduce the above sum:
 log8 Ty2−2σ z max
xBelog3 T
(
B +Q+ (BQ)2/3)B−1Q

 T 
y2−2σ (x +Q+ (xQ)2/3)x−1Q
. (12)
So finally by (11) and (12) we have
N  T 
y2−2σ (x +Q+ (xQ)2/3)x−1Q
 + y1/2−σQ 1+
2 (logT )3(Q+ x + (Qx)2/3).
Now let x = Q2, y = Q5, we get
N  Q10(1−σ)(TQ)
.
Theorem 1 then follows from this bound immediately.
3. Distribution of Lmc (s) at 1
We have
Lmc (s) =
(
L(s,χc)L
(
s,χ2c
))m = (∑
(a)
χc(a)
N(a)s
)m(∑
(b)
χ2c (b)
N(b)s
)m
=
∑
(a)
τm(a)χc(a)
N(a)s
∑
(b)
τm(b)χ
2
c (b)
N(b)s
=
∑
A=0
∑
(ab)=A
τm(a)τm(b)χc(a)χ
2
c (b)
N(A)s
,
where τm is the generalized divisor function for Ok .
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1
2πi
∫
(2)
Lmc (s + 1)Γ (s)Xs dx.
Moving the line of the integral to Re(s) = γ,−1 < γ < 0, we pass through the pole of integrand
at s = 0 with residue Lmc (1) and obtain:
Lmc (1) =
∑
A
N(A)−1
∑
(ab)=A
τm(a)τm(b)χc
(
ab2
)
exp
(−N(A)
X
)
− 1
2πi
∫
(γ )
Lmc (s + 1)Γ (s)Xs dx.
Denote
Ic = 12πi
∫
(γ )
Lmc (s + 1)Γ (s)Xs dx.
Summing over c ≡ 1 mod (9), where c is square-free in Ok , we can get:
∑
c
∗
Lmc (1) exp
(−N(c)
T
)
=
∑
A
exp(−N(A)/X)
N(A)
∑
c
∗ ∑
(ab)=A
τm(a)τm(b)
× χc(a)χc
(
b2
)
exp
(−N(c)
T
)
−
∑
c
∗
Ic exp
(−N(c)
T
)
. (∗)
For the first term of the right side, change the order of summation then we deduce:
=
∑
A
exp(−N(A)/X)
N(A)
∑
(ab)=A
∑
c
∗
τm(a)τm(b)χc(a)χc
(
b2
)
exp
(−N(c)
T
)
=
∑
(a)
∑
(b)
τm(a)τm(b)
N(ab)
exp
(−N(ab)
X
)∑
c
∗
χc
(
ab2
)
exp
(−N(c)
T
)
.
Now write a = (1 −ω)pa1, b = (1 −ω)qb1, where (a,1 −ω) = (b,1 −ω) = 1. We see that the
above sum is
=
∞∑
p=0
∞∑
q=0
∑
a1,b1
(
m+q−1
q
)(
m+p−1
p
)
τm(a1)τm(b1)
3p+qN(a1b1)
exp
(−3q+pN(a1b1)
X
)
×
∑
c
∗
χc
(
a1b
2
1
)
exp
(−N(c)
T
)
.
Write a1 = r3a2, b1 = r3b2, where a2, b2 are cubic free, the above sum is1 2
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∞∑
p,q=0
∑
r1,r2
∑
a2,b2
(
m+q−1
q
)(
m+p−1
p
)
τm(r
3
1a2)τ (r
3
2b2)
3p+qN(r31 r
3
2a2b2)
exp
(−3p+qN(r31 r32a2b2)
X
)
×
∑
c
∗
χc
(
a2b
2
2
)
exp
(−N(c)
T
)
.
Write a2 = ra3, b2 = rb3, where r = (a2, b2). The sum above can be rewritten:
=
∞∑
p,q=0
∑
(a3,b3)=1
r1,r2,r
(
m+q−1
q
)(
m+p−1
p
)
τm(r
3
1 ra3)τ (r
3
2 rb3)
3p+qN(r31 r
3
2 r
2a3b3)
exp
(−3p+qN(r31 r32 r2a3b3)
X
)
×
∑
c
∗
χc
(
a3b
2
3
)
exp
(−N(c)
T
)
. (13)
For the most inner sum in the case a3b23 = 1, we have:
∑
c
∗
exp
(−N(c)
T
)
= 1
2πi
∫
(2)
Γ (s)T s
∑
c
′′ 1
N(c)s
ds
 1
#h(9)
∑
χ mod (9)
1
2πi
∫
(2)
Γ (s)T s
∑
a =0
χ(a)
∣∣μ(a)∣∣N(a)−s ds,
where χ runs over all ray class characters mod (9), μ(·) is the Möbius function. By moving
the line of the integration to Re(s) = 1/2 + 
, we find that the above sum is asymptotically
CT +O
(T 1/2+
) and
C = ress=1ζk(s)
#h(9)ζk(2)
∏
p|(9)
(
1 +N(p)−1)−1,
ζk(s) being the Dedekind zeta function of the field k.
If a3b23 = 1, then the most inner sum in (13) is:
∑
c
∗
χc
(
a3b
2
3
)
exp
(−N(c)
T
)
=
∑
c
∗
χa3b23
(c) exp
(−N(c)
T
)
=
∑
c≡1(9)
χa3b23
(c) exp
(−N(c)
T
) ∑
d2|c
d≡1(3)
μ(d)
=
∑
d≡1(3)
μ(d)χa3b23
(
d2
) ∑
c≡d¯2(9)
χa3b23
(c) exp
(−N(d2c)
T
)
N(d)<B
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∑
b≡1(3)
χa3b23
(
b2
)( ∑
d|b,N(d)>B
d≡1(3)
μ(d)
) ∑
c≡b¯2(9)
χa3b23
(c) exp
(−N(b2c)
T
)
= R + S.
Here B > T 1/2X−1/2, and it will be chosen optimally. Using the ray class characters mod (9) to
detect the congruence condition c ≡ d¯2 mod (9):
R =
∑
d≡1(3)
N(d)<B
μ(d)χa3b23
(
d2
) ∑
c≡1(3)
χa3b23
(c) exp
(−N(d2c)
T
)
1
#h(9)
∑
χ9
χ9(c)χ9
(
d2
)
=
∑
d≡1(3)
N(d)<B
μ(d)χa3b23
(
d2
) 1
#h(9)
∑
χ9
∑
c≡1(3)
χa3b23
(c)χ9(c)χ9
(
d2
)
exp
(−N(d2c)
T
)
.
By an analogue of the Polya–Vinogradov inequality (see [HP, Lemma 2]), for any 
 > 0
∑
c≡1 mod (3)
χa(c) exp
(−N(c)
y
)

 N(a)1/2+
 .
We have
|R| 
∑
d≡1 mod (3)
N(d)<B
∣∣μ(d)χa3b23(d2)N(a3b23)1/2+
∣∣
 BN(a3b23)1/2+
 .
Let a3 = a′3s2, where a′3 is the square-free part of a3.
S =
∑
b≡1(3)
χa′3s2b23
(
b2
)( ∑
d|b,N(d)>B
d≡1(3)
μ(d)
) ∑
c≡b¯2(9)
χa′3s2b23
(c) exp
(−N(b2c)
T
)
.
The contribution of S to (13) is:
∞∑
p,q=0
∑
r1,r2,r,b
∑
a′3,s,b3
(
m+q−1
q
)(
m+p−1
p
)
τm(r
3
1 ra
′
3s)τ (r
3
2 rb3)
3p+qN(r31 r
3
2 r
2a′3sb3)
exp
(−3p+qN(r31 r32 r2a′3sb3)
X
)
×χa′3sb23
(
b2
) ∑
d|b,N(d)>b
d≡1(3
μ(d)
∑∗
c≡b¯2(9)
χa′3(c) exp
(−N(b2c)
T
)
χs2b23
(c) exp
(−N(c)
T
)
.
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(
a′3
)= (m+ q − 1
q
)(
m+ p − 1
p
)
τm
(
r31 ra
′
3s
)
τ
(
r32 rb3
)
.
By Cauchy’s inequality the above sum is:

∑
p,q,r1,r2
r,b3,b,s
(∑
a′3
∣∣∣∣C(a′3) exp(−3p+qN(r31 r32 r2a′3s2b3)/X)3p+qN(r31 r32 r2a′3s2b3)
∣∣∣∣
2)1/2
×
(∑
a′3
∣∣∣∣ ∑
c≡b¯(9)
χa′3(c) exp
(−N(b2c)
T
)
χs2b23
(c)
∣∣∣∣
2)1/2
.
By Heath-Brown’s large sieve inequality (10) again:

∑
p,q,r1,r2
r,b3,b,s
(∑
a′3
exp(−2 · 3p+qN(r31 r32 r2a′3s2b3)/X)
32(p+q)N(r61 r
6
2a
′
3
2
)s4b23
)1/2
×
(
X
N(s2b23)
+ T
N(b2)
+
(
XT
N(s2b2b23)
)2/3)1/2(
T
N(b2)
)1/2

∑
b,b3
(
(T X)1/2 exp(−N(b3)
X
)
N(b23b)
+ exp(−
N(b3)
X
)T
N(b2b3)
+ X
1/3T 5/6 exp(−N(b3)
X
)
N((bb3)5/3)
)
 T 1/2+
 +
∑
b3
exp(−N(b3)
X
)
N(b3)
T + X
1/3T 5/6
B2/3
 T 1/2+
 + X
1/3T 5/6
B2/3
.
For the R part, we can choose N(a3b23) < X
3/2
, and the contribution of R to (13) is  X3/4B .
Altogether the nontrivial character part in (13) has contribution
 X3/4B +X1/2T 1/2+
 + T
5/6+
X1/3
B2/3
.
Choose B = T 1/2X−1/4 (by letting X3/4B = X1/3T 5/6
B2/3
), and we get  X1/2T 1/2+
 for the con-
tribution from the part where a3b23 = 1. For the part where a3b23 = 1 we have
∞∑
p,q=0
∑
r1,r2,r
∑
(a3,b3)=1
(
m+q−1
q
)(
m+p−1
p
)
τm(r
3
1 ra3)τm(r
3
2 rb3)
3p+qN(r31 r
3
2a3b3)
× exp
(−3p+qN(r31 r32a3b3))(CT +O
(T 1/2+
))= CmT +O
(T 1/2+
)X
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Cm = C
∞∑
p,q=0
∑
r1,r2,r
∑
(a3,b3)=1
(
m+q−1
q
)(
m+p−1
p
)
τm(r
3
1 ra3)τm(r
3
2 rb3)
3p+qN(r31 r
3
2a3b3)
.
Since τ(n) < n
 for any positive 
 if n is large enough, and
(
m+q−1
qqm
)
, we can see that Cm is
convergent to a finite number. So finally from (∗) we have:
∑
c
∗
Lmc (1) exp
(−N(c)
T
)
= CmT +O
(
(T X)1/2 + TX−1)−∑
c
∗
Ic exp
(−N(c)
T
)
.
According to whether Lmc (s) is zero-free in the domain 1 > σ  1 − η, |t |  log3 T , the set
{c; N(c) T , c ≡ 1 mod (9), c square-free} is divided into two parts J1 and J2. If c ∈ J1, then
we take γ = −η/2 in Ic.
Lemma 1. Lmc (s)  T 
 for σ  1 − η/2, |t | log2 T .
Proof. It follows from the proof of Lemma 2 in Luo’s paper [Lu2]. 
While for σ  1 − η/2, |t |  log2 T , it follows that Lmc (s)  (T |t |)c2 for some c2 > 0
from convexity bound. Hence by Stirling’s formula: Ic  T η/20X−η/2 + T A for c ∈ J1 and
any A > 0. On the other hand, by taking γ = −
 in Ic we get ∑c∈J2 |Ic|  |J2|T 1/20 where|J2| = #{c: N(c)  T , c ≡ 1 mod (9), c is square-free and Lmc (s) has a zero in the region
σ  1 − η, |t | log3 T }.
By Theorem 1 we can get |J2|  T 1/5 if η is small enough. Thus:
∑
c∈J2
|Ic|  T 1/4.
So we conclude that
∑
c
∗
Lmc (1) exp
(−N(c)
T
)
= CmT +O
(
T 1/2X1/2 + TX−1 + T η/20X−η/2T ).
Let X = T 22/23, we obtain
∑
c
∗
Lmc (1) exp
(−N(c)
T
)
= CmT +O
(
T 45/46
)
.
This completes the proof of Theorem 2.
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Let Kc = k(c1/3), where c ∈Ok, c ≡ 1 mod (9) and c is square-free. Recall the analytic class
number formula:
lim
s→1(s − 1)ζK(s) =
2r1(2π)r2hKRK
ωK
√|DK | .
Since Kc/k is an abelian extension (actually, cubic cyclic), by class field theory (cf. [SL,
Chapter VI]) we have:
ζKc(s) = ζk(s)L(s,χc)L(s,χc) = ζk(s)Lc(s).
Computing ζKc(s)/ζk(s) by class number formula given above we have:
lim
s→1
ζKc(s)
ζk(s)
= (2π)
2√3hcRc√|Dc|
with hc , Rc, Dc the class number, regulator, discriminant of Kc . It is easy to show that Kc
is the splitting field of x3 − N(c) = 0 over Q. Thus Kc is the composite field of Q( 3√N(c) )
and k. So DKc = D3kD22 , where D2 is the discriminant of Q( 3
√
N(c) ). Dk = −3. Since c ≡
1 mod (9), N(c) ≡ 1 mod (9) and c is square-free, by [Na, Theorem 2.8, p. 62], D2 = −3N(c).
Consequently DKc = (−3)5(N(c))2. Thus
Lc(1) = (2π)
2hcRc
32N(c)
so we have:
∑
c
∗(hcRc
N(c)
)m
exp
(−N(c)
T
)
=
(
3
2π
)2m
CmT + o(T ).
By the well-known Tauberian theorem (see [Ha, Theorem 108]), we have:
∑∗
N(c)T
(
hcRc
N(c)
)m
=
(
3
2π
)2m
CmT + o(T ).
On the other hand,
∑∗
N(c)T
(
hcRc
N(c)
)m
=
T∫
1
t−m d
∑
N(c)t
(hcRc)
m
= T −m
∑∗
N(c)T
(hcRc)
m +
T∫
1
t−m−1
∑
N(c)t
(hcRc)
m dt +O(1)
= T −m
∑∗
(hcRc)
m + o(T )N(c)T
428 H. Xia / Journal of Number Theory 124 (2007) 415–428so we have:
∑∗
N(c)T
(hcRc)
m =
(
3
2π
)2m
CmT
m+1 + o(T m+1).
This completes the proof of Proposition 3.
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